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Abstract 

c- 1 , 

We review the construction of minimally bosonized supersymmetric 
quantum mechanics and its relation to hidden supersymmetries in pure 
^ . parabosonic (parafermionic) systems. 

The simplest N = 1 supersymmetric quantum mechanical system is the 
superoscillator []J given by the Hamiltonian 

H = \{b\b-}+ l -[f\f-}. (1) 

In addition to H, the system is characterized by the two conserved integrals 
of motion (supercharges) 

Q± = & T / ± , (2) 

which are quadratic in bosonic (b ) and fermionic (/*) creation-annihilation 
operators. The operator Y = [f + , f~] has a sense of the grading operator, 
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T 2 = 1, which classifies all the operators into even (bosonic, B) and odd 
(fermionic, F) subsets according to the relations [T, B] = 0, {T, F} = 0. The 
even (H) and odd (Q±) integrals of motion form the N = 1 superalgebra: 

{Q + ,Q_} = H, Ql = Q 2 _ = 0, [H,Q ± ] = 0. (3) 

Realization of operators / in terms of Pauli matrices, f ± = a± = ±ia 2 ), 
leads to the diagonal form for the grading operator, T = a^. 

Simple change in @ of bosonic operators b for the mutually hermitian 
conjugate linear differential operators 

results in supersymmetric quantum mechanics (SUSYQM) |2], |3[] generalizing 
the simplest N = 1 supersymmetric system (JJ), (Q), 

H= l - + W\x) + W'(x)a 3 ) , Q ± = B^a ± , (5) 

with H and Q± satisfying the same superalgebra (|3|). 

The reflection operator R, R 2 = 1, Rip(x) = tp(—x), introduces the 
grading structure in the space of wave functions by classifying them as even 
and odd ones, Rip±(x) = ±^±(a;), ip± = ± if)(—x)). Since the Z5 2 - 

grading structure is the necessary element of SUSYQM, one can try to realize 
the latter without introducing independent fermionic operators or associated 
matrix structure but by declaring the reflection operator to be the grading 
operator, T = R. Indeed, first we note that the operator R gives a possibility 
to construct the operators Si = e(x), S 2 = ie(x)R, S 3 = R (with e(x) = 
— 1, 0, +1 for x < 0, = 0, > 0), which satisfy the algebra of Pauli matrices: 
SjEj = 5ij + ieijk^k- However, unlike the matrices <jj, the operators Sj do 
not commute with x and d/dx. In particular, S 3 = R anticommutes with 
these operators. The analogs of nilpotent operators a± take here the form 
£± = |(Ei±«E 2 ) = ^(x)H^, where n± = |(l±i?) are the projectors, n|. = n_|- , 
n + II_ = 0, Il + + Il_ = 1. Such a structure of operators E ± provides us with 
a hint for the construction of odd (anticommuting with the grading operator 
R) nilpotent supercharge operators by analogy with (H), (f|), 

q ± = -L( lW |)n ± , (6) 
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where W-(x) is a superpotential to be, unlike the case of ([5]), an odd function. 
Defining the Hamiltonian as an anticommutator of Q + and Q-, we get 

H = ^~ + W1{x)-WL(x)rY (7) 

By the construction, it commutes with the grading operator R, i.e., is the even 
operator, and the operators @, (|7|) form the N — 1 superalgebra (§). 

The formally constructed minimally bosonized supersymmetric quantum 
mechanics ||, ^| given by Eqs. (H), (0) is related to the initial version of 
SUSYQM (^) in a nontrivial way. This can be observed immediately just by 
considering the simplest case of linear superpotential W(x) = ex, e = + or — . 
Both these cases correspond to the same system of superoscillator ([I]), (0) with 
the spectrum E = 0,1, 1, 2, 2, . . ., i.e., the supersymmetry in this case is exact. 
On the other hand, the bosonized version of SUSYQM with W-(x) = +x de- 
scribes the system with exact supersymmetry (E = 0,2,2,4,4,...), whereas 
W-(x) = —x gives a system in the phase of spontaneously broken supersym- 
metry (E = 1, 1, 3, 3, . . .) j|, H]. The specified spectra of these two different 
bosonized supersymmetric systems constitute together the spectrum of super- 
oscillator (0). This observation helps to establish the exact relation between 
the two versions of SUSYQM: if the ordinary supersymmetric system is given 
by the superpotential being an odd function, W(— x) = —W(x), then the 
bosonized version of SUSYQM can be obtained from it by applying the special 
unitary transformation |J 

-> i>(n) = Uip(x) = p+ip{x) - p_t/j(-x), p± = -(l±<7i), (8) 

with subsequent reduction to one of the eigenspaces of <t 3 . Note that (H) is the 
non-local (bi-local) transformation. Nonlocality of bosonized SUSYQM is also 
hidden in the nature of the grading operator R. in coordinate representation 
it can be represented in the form R = sm(7rH ), H = |(x 2 — d 2 /dx 2 ) 0. 

Though the described relation in the direction ©— >@, (0) is simple, the 
inverse correspondence is not clear: if we are given some bosonized supersym- 
metric system (e.g., with W^(x) = —x), what is the system of the form (||) to 
be isospectral to it? 

The bosonized supersymmetry can be treated as a supersymmetry of the 
system of two identical fermions living on a line: it is realized in their rest 
frame system in the j'3 = eigensubspace of the total vector spin operator J, 
Ji = |(<7i ® 1 + 1 ®(7i),i = 1,2, 3 §. 
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Bosonized version of N = 1 SUSYQM can directly be extended for the 
two-dimensional space 0: 

Ql = ~^( 7r l + Q2 = iRQl, H = - (7T a 7T a - RB(x)) , 

where 7r a = —id/dx a — A a (x), a = 1,2, A a (x) is an odd 'electromagnetic 
potential', A a (— x) = — A a (x), B is a 'magnetic' field, B{x) = diA 2 (x) — 
d2Ai(x), and R is given by R = R1R2, where R±, R2 are reflection operators 
with respect to x 1 and x 2 : {-R^x 1 } = {R 2 ,x 2 } = 0, [i?i,x 2 ] = [i^,^ 1 ] = 0, 
R\ = R\ = 1, [Ri,R 2 ] = 0. In this case the operator R has also the sense 
of the operator of space rotation by the angle ir, R = exp(-iirL), where 
L = i(x 2 di — x 1 d2) is the operator of orbital angular momentum. 

There is another interesting application of the bi-local unitary transforma- 
tion (|8|): being applied to the Dirac field in 1 + 1 dimensions, it turns out to be 
analogous to the Foldy-Wouthuysen (FW) transformation. Indeed, let us con- 
sider the unitary transformation \l/(t, x) — ► ^j(t, x) = U^(t,x), U = g + — Q-R, 
g± = |(1 ± 7s), 75 = 7°7 1 , applied to the Dirac field satisfying the equation 

[i{ 1 °d t + 1 l d x )-m}m{t ) x)=Q. 

Here we assume that R is the space reflection (parity) operator, Rt = tR, 
Rx = —xR, R 2 — 1. In representation 7 = 03, 7 1 = ia 2 , the unitary operator 
U takes exactly the form of the operator defining the transformation (|8|). The 
transformed Dirac field obeys the equation 

[iR(d t + d x ) + ma 3 ]y(t,x) = 0, 

or, equivalently, the equation idt^f = H^f with the Hamiltonian H = —id x — 
Rasm, which has a diagonal matrix form. Though H has not the FW square 
root form, nevertheless, the relation H 2 = —d 2 + m 2 is valid due to the depen- 
dence of the Hamiltonian on the reflection operator R. If, like in the SUSYQM 
case, we further realize a reduction of the system to the eigensubspaces of 03, 
we arrive finally at the linear differential equation with reflection 

[iR{d t + d x ) + em]A = 0, e = +, -, (9) 

being a square root of the Klein- Gordon equation for the one-component field 
ip e since the equation (— d 2 + d 2 — m 2 )tp e = appears as the consequence of 
(H). The reduction, however, destroys the Poincare invariance: the theory for 
one-component field ip e is not invariant under either Lorentz transformations 
or space translations. 
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Equation ([)]) admits an extension for arbitrary dimension by introducing 
the set of operators Ri, RiXi = —XiRi (no summation), RiXj = XjRi, i ^ j, 
Rit = tRi. E.g., in the (2+l)-dimensional case the nontrivial operator term 
from Eq. <g) is substituted for A = iR 2 [R x {d + d x ) + <9 2 ], A 2 = -flg + df + d\. 
The corresponding d- dimensional one-component square root of the Klein- 
Gordon equation admits introducing the interaction with external gauge fields 
(for the details see ref. ||). 

It seems that the bosonized SUSYQM can be related to the (1+1)- 
dimensional integrable systems on the half-line. Besides, possibly, there is 
a relation between one-component linear differential equation @ and the the- 
ory of massless boson and fermion fields on the half-line (or relation between 
(^-dimensional generalization of Eq. ([5]) and the theory of corresponding mass- 
less fields living in the subspace Xi > 0). The latter possibility is due to the 
appearance of mass parameter in the boundary conditions which also destroy 
space translation and Lorentz symmetries 0. 

Let us return to the bosonized form of SUSYQM (H), (0)- In the case of 
the choice of the superpotential W(x) = —j-, v e M , the hermitian linear 
combination i(Q- — Q+) of supercharges from @ takes the form of the Yang- 
Dunkl operator D u = — j^R), related to the 2-particle Calogero model, 

where R plays the role of exchange operator |J. With this operator, one can 
construct the analogs of bosonic operators b ± , 

= -k=(x =F iD v ). (10) 

Together with the reflection operator R they form the -R-deformed Heisenberg 
algebra (RDHA) §-0, 

[ a -,a + ] = 1 + vR, {R,a ± } = 0, R 2 = 1. (11) 

This algebra possesses infinite-dimensional unitary representations for the val- 
ues of deformation parameter v > — 1, and at the integer values v — p — 1, 



p = 1, 2, . . ., it defines the parabosons of order p || pLlj] . At v = —(2p + 1), 
this algebra defines (deformed) parafermions of order p [[| |ll[] (see below). 

The Hamiltonian of bosonized supersymmetric systems with the superpo- 
tentials W(x) = ex — e = +, — , can be represented in terms of generators 
of algebra QTTJ) , 

H e = ^{a + ,a-}-^eR[a-,a + ]. (12) 
With the help of the number operator 

N=~{a + ,a-}-±(l + v), (13) 
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[N, a ] = ±a , and the relation R = (— 1)^, one can easily find that in the 
case v > — 1, e = +, the Hamiltonian (|T2|) gives the family of supersymmetric 
systems isospectral to the superoscillator system (|I|) (more exactly to the 
system with the Hamiltonian H = 2H, where H is given by ([![)). On the other 
hand, the case v > — 1, e = — , describes the family of systems being in the 
phase of spontaneously broken supersymmetry, for which the two lowest states 
possess positive energy, whose value is governed by the deformation parameter 
v: Eq = 1 + v > 0. When v = 1, RDHA (|TT|) describes parabosons of order 
p = 2 (a~a + \0) = 2 1 0} , a~|0) = 0), and the Hamiltonian (|l!g) takes a normal, 
H + = a + a~ , or antinormal, H = a~a + , form. 

What will happen with supersymmetry if we take the Hamiltonian in the 
same normal or antinormal form in terms of a operators corresponding to 



the values of v different from 1? Using Eqs. (|TT|), (pf), we find that for 
v = 2k + l, i.e. for parabosons of order p = 2k + 2, the Hamiltonian H + = a + a~ 
reveals a supersymmetric structure. The total spectrum is given by the series 
E = 0, . . . , 2(k - 1), 2k, 2k + 2,2k + 2, 2k + 4, 2k + 4, . . ., i.e., the peculiarity of 
such systems consists in the presence of k+1 lower lying singlet states (with the 
lowest state |0) of zero energy) instead of one singlet state of zero energy which 
we have in the case of usual supersymmetry. Therefore, such supersymmetric 
systems (for k = 1,2,...) cannot be described by the bosonized version of 
supersymmetric quantum mechanics. To clarify their nature, it is sufficient to 
find the integrals of motion Q±, [H + ,Q±] = 0, being nilpotent supercharges, 
Q\ = 0, which transform mutually the supersymmetric doublet states and 
annihilate singlet states. The sought for operators have the form 

Q + = (a + ) 2fe+1 H_, Q_ = (a-) 2fc+1 H + , (14) 

and satisfy the relation 

{Q + ,Q_} = V 2k+1 (H + ), (15) 

where V2k+i(H + ) is the polynomial in H + of order p — 1 = v = 2k + 1: 
V 2k +i(H + ) = (H+ - 2k)(H + -2k + 2)...(H + + 2k- 2)(H+ + 2k). 

For parabosons of order p = 2k + 2, [y — 2k + 1), k — 1, . . ., the systems 
given by the shifted antinormally ordered quadratic Hamiltonian H a = H — 
2 are also characterized by the nonlinear supersymmetry with supercharge 
operators having the form ( |I~4D with projectors n + and n_ to be changed in 
their places. In this case the polynomial appearing in the anticommutator of 
supercharges is V 2 k+i(H a ) = (H a - 2k + 2) . . . (H a + 2k) (H a + 2k + 2). The 
parabosonic system with the Hamiltonian H a is characterized by the presence 
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of k singlet states with the state |1) = a + |0) playing the role of the ground state 
of zero energy. This state is odd, R\l) = — 11), unlike the case of bosonized 
super symmetric quantum mechanics (^), (|7|), where the ground state of zero 
energy (if exists, i.e. in the case of exact supersymmetry) is always even ||. 
This explains, in particular, why the system described by the Hamiltonian H a 
in the case of parabosons of order p = 4 has exactly the same spectrum as 
the parabosonic system of order p = 2 with the Hamiltonian H + (i.e. of the 
form of the spectrum of the superoscillator ([I])), but is characterized by the 
nonlinear supersymmetry with the polynomial 7-3 (if a ) of order 3. 

If we remember the coordinate realization (0), the Hamiltonians H + and 
H a can be represented in the form 

n -=\{:&> +x2+ ^- 2+f - +v (h- f ) R )< (16) 

where e = +1 corresponds to H + and e = — 1 corresponds to H a . The system 
given by the Hamiltonian (|16|) can be treated as a 2-particle Calogero-like 



model with exchange interaction, where x has a sense of relative coordinate 
and R has to be understood as an exchange operator. Therefore, at v = 2k + 1 




the class of Calogero-like systems ([TJj) possesses hidden supersymmetry with 
the supercharges given by 

and characterized by the superalgebra of the form ( jT5[) . In correspondence 
with the discussion above, this supersymmetry can also be treated as a super- 
symmetry realized in the sector j% = of the system of two identical fermions 
on a line. 

Nonlinear (polynomial) supersymmetries appearing in the systems of para- 
bosons of even order can be obtained via appropriate modification of classical 
analog for Witten's supersymmetric quantum mechanics. Indeed, the system 



described by the Lagrangian [JT2 

l = \{x 2 - w 2 (x) + ikw'{x)e ab e a e b + ie a e a ), 

with 9 a , a = 1,2, real Grassmann variables, and e ab = —eb a , £12 = 1, is 
characterized by the two odd integrals of motion, 

Qk = (B^, 
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where 6 ± = ± i0 2 ), and 5 ± = =F w) are the classical analogs 

of f ± and of operators (^) with p being a momentum canonically conjugate to 
x. Together with the Hamiltonian 

H k = l -{p 2 + w 2 -ikw'e ab e a e b ), 

they satisfy the Poisson bracket relation 

{Qt,Qk} PB = -KH k )\ (17) 

which, unlike the usual case k — 1, is nonlinear for k — 2, . . .. In the case of 
W = x, the quantization of the system modifies the form of the algebra due 
to the quantum corrections and the quantum analog of (|17D takes the form 
of the polynomial supersymmetry analogous to the supersymmetry in pure 
parabosonic systems with the Hamiltonians quadratic in creation-annihilation 
operators. However, in the case of the superpotential different from the linear 
one, generally the quantum anomalies arise which destroy supersymmetry al- 
gebra |12| . Note that the polynomial supersymmetry appeared also in other 



contexts in [TJ, [b 

The RDHA flTlj ) related to the single-mode paraboson systems can be given 
in equivalent form by specifying it via the relations flT2| 

a + a-=J r (N), a~a + = .F(iV+l), [N,a ± ] = ±a ± , (18) 

where ^F(N) = N(— l) N +u sin 2 ^ is the so called structure function, satisfying 

for v > — 1 the relations ^"(0) = 0, Fiji) > 0, n = 1, 2, Then the hidden 

supersymmetries of parabosonic systems are encoded in the symmetry relations 
T(2n + 1) = T{2n + v + 1) taking place for v = 2k + 1, k = 0, 1, . . .. On the 
other hand, in the case v = —{p + 1), p — 2, 4, . . ., the structure function 
is characterized by the relation Tip + 1) = 0, which signals on existence of 
(p+l)-dimensional irreducible representations of the algebra ([11]), in which the 
relations (a ± ) p+1 = are valid. However, in this case the function ^(N) is not 
positive-definite, and the corresponding finite-dimensional representations are 
not unitary. Defining new creation-annihilation operators /~ = a~R, f + = a + , 
we arrive at the following parafermionic type algebra of the even order : 

{rj + }= P +i-R, (^r^o, {rj ± } = o, 

with p = 2k. Due to the presence of the reflection operator, the algebra has 
the natural internal ZZ 2 structure and is characterized by the positive-definite 
structure function 

F(N) = N{-1) N + (p + l)sin 2 ^ (19) 
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possessing the symmetry 

F{n) = J r (p+ 1 -n), n = 0,...,p + l. (20) 

The parafermionic type systems of order p can be described by the rela- 
tions of the same form ( |T8| ) with structure functions obeying the relations 
jr(o) = f(p + 1) = 0, F{n) > 0, n = l,...,p 0, |16|. Besides the de- 
scribed parafermions with internal /Z2 structure, the symmetry relation (^) is 
satisfied by the structure functions describing other parafermionic systems in- 
cluding the ordinary parafermions (J-(N) = N(p + 1 — N)), finite-dimensional 
g-deformed oscillator (J-(N) = J- q {N) = sin ^-/ sin q = expz^-j-) and 
the g-deformed parafermionic oscillator (J-'(N) = J^(N)). Due to the symme- 
try fl20D , all the listed parafermionic systems with the quadratic hamiltonians 
H n = f + f~, H a = f~f + and H s = f + f~ + /~/ + reveal a typical doubling of 
levels and, as a consequence, describe the supersymmetric systems. The details 
on the hidden supersymmetry in such parafermionic systems can be found in 
ref. |fL7| , and here we restrict ourselves only by several general comments. In 



parafermionic case, due to the symmetry relation (p0|), the systems with H n 
and H a are equivalent and one of them can be obtained from another via the 
formal substitutions / + — > f~ , f~ — ► / + , n — > p — n. In the case of even p, the 
spectrum of the systems given by H n has one singlet state (|0)) of zero energy, 
whereas for odd p it contains additional singlet level (|(p+l)/2))of non-zero en- 
ergy. As a consequence, in the first case the corresponding anticommutator of 
supercharges is linear in Hamiltonian, whereas in the second case it is given by 
the quadratic in H n polynomial. The Hamiltonian H s describes supersymmet- 
ric systems in the phase of spontaneously broken supersymmetry (there are no 
singlet states of zero energy), in which all the states are supersymmetric dou- 
blets for odd p and there is one singlet state (\p/2)) of positive energy for even 
p. In both cases the supersymmetry is linear. In parafermionic systems with 
quadratic Hamiltonians more complicated cases characterized by the anticom- 
mutator of supercharges being the polynomial of order higher than 2 can also 
be obtained. E.g., in the case of ordinary parafermions (jF(jV) = N(p+1 — N)) 
of order p > \k\ + 1, \k\ > 2, the systems given by the Hamiltonian 

H k = {/ + , r } + k[f+, /-] + P (\k\ - 1), ke Z, 

are characterized by the polynomial supersymmetry whose order is \k\ (\k\ + l) 
when the difference p — k is odd (even). 

We conclude that the hidden supersymmetries of pure parabosonic and 
parafermionic systems can be explained on the general ground by the cor- 
responding symmetry properties of the structure functions. At the same 
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time, the possibility of realizing supersymmetry in pure parafermionic case 
is not so surprising: parafermions generalize fermions with their basic rela- 
tions {f + ,f~} = 1, (f^ 2 = 0, which can be treated as specifying a trivial 
super symmetric system with the supercharges Q± = f and the Hamiltonian 
H = 1. On the other hand, the existence of hidden supersymmetries in pure 
parabosonic systems with quadratic Hamiltonians seems to be rather peculiar. 
It can be given the following interpretation. One can represent the correspond- 
ing supercharge operators (|T4]) in terms of only creation-annihilation operators 
by using the relation R — (— 1)^ and Eq. fll3|) . In this way we write the pro- 
jectors II± in the equivalent form [ 12] 



n+ = cos 2 7V, n_ = sin 2 A/", 7V=^{a + ,a - }. 

Therefore, though the corresponding Hamiltonians H + = a + a~ and H a = 
a~a + — 2 are quadratic in operators a , the price we are paying to have super- 
symmetry in pure parabosonic systems is the specific structure of the super- 
charges: they are the infinite series in a of the special form which gives rise 
to their nilpotency and to the polynomial form for the anticommutator ([15j). 
However, it is not clear what are the corresponding supersymmetry trans- 
formations for such pure parabosonic systems and for the related minimally 
bosonized supersymmetric quantum mechanics. Probably, the construction of 
classical models for them could help to answer this question. 
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